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Tutorial Paper

Beyond Singular Values and Loop Shapes

Gunter Stein
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and
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California Institute of Technology, Pasadena, California 91125

This paper provides a tutorial look at the status of singular value loop shaping as a paradigm for multivariable
feedback design. It shows that this paradigm is effective whenever a design problem's specifications are spatially
round, but that it can be arbitrarily conservative otherwise. This happens because singular value conditions for
robust performance are not tight (sufficient but not necessary) and can severely overstate actual requirements. An
alternate paradigm is discussed that promises to overcome these limitations. This alternative includes a more
general problem formulation, a new matrix function mu, and tight conditions for both robust stability and robust
performance. The current state of development of this paradigm supports analysis and comparisons of existing
feedback designs. To a limited extent, it also supports formal mathematical synthesis of new optimal designs,
although much research remains to be done in the synthesis area.

I. Introduction

E VER since the basic work of Nyquist,1 Bode,2 and others,
the classical approach to feedback design has followed a

frequency domain perspective—given a plant described by
rational transfer function G(s), design a rational compensator
K(s), such that the closed-loop feedback system meets three
basic design requirements—stability, performance, and ro-
bustness.

As is well known, the stability requirement imposes func-
tional constraints on certain transfer functions of the closed-
loop system, e.g., a Nyquist encirclement count for the
function det(7 + GK).3 Likewise, the performance require-
ment imposes magnitude constraints on certain other transfer
functions. For example, one of the most frequently encoun-
tered performance requirements is to keep output errors small
in the face of commands and (output) disturbances. This
requires the output sensitivity function

(1)

to be small for all frequencies, s =ja>, where the disturbances
and/or reference commands are large.

The third feedback design requirement, robustness, calls for
the first two requirements to be achieved not only for the
nominal plant but also for an entire set of neighboring plants
that arise from the inevitable presence of modeling errors and
plant uncertainties. This imposes still other magnitude con-
straints on transfer functions. For example, a commonly used
model of plant uncertainties is the so-called unstructured
multiplicative perturbation at the output. Stability for this
uncertainty model requires that the complementary output
sensitivity function

(2)

be small for all frequencies where the uncertainties are large.4
However, since S(s) + T(s) = /, both S and T cannot be small
simultaneously. Thus, specifications on Eqs. (1) and (2) lead

because \S(s)\
GK(s) is large, and \T(s)
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to one of the most basic tradeoffs in feedback design.
For classical single-input/single-output (SISO) systems, the

meanings of "small" and "large" in this basic tradeoff are, of
course, understood in terms of the absolute values of the
respective complex-valued functions at each frequency.
Hence, SISO designers working in the frequency domain have
viewed the design problem as one of altering the shapes of
(Bode) magnitude plots of sensitivity and complementary
sensitivity functions to meet design specifications. Indeed,

whenever the loop transfer function
w \GK(s)\ whenever GK(s) is small,

the shapes of these magnitude functions are intimately tied to
the shape of GK(s), and the entire design process is often
referred to simply as "loop shaping."

Over the last few years, the loop-shaping process has been
successfully formalized and generalized to multi-input/multi-
output (MIMO) design problems.4 Key ingredients of the
generalization include 1) the use of singular values as appro-
priate measures of magnitude for matrix-valued transfer func-
tions, 2) the development of formal mathematical conditions
that guarantee robust stability and robust performance of
MIMO feedback systems in terms of these magnitude mea-
sures, and 3) the development of design procedures (e.g.,
LQG/LTR5 and H6^s) that help to synthesize desired multi-
variable loop shapes.

Design experience with these new results shows that singu-
lar value loop shaping is an effective MIMO design paradigm
only for problems whose objectives can be reduced to spa-
tially round specifications on S(s) and T(s) alone. Unfortu-
nately, many design requirements that arise in MIMO
problems cannot be usefully expressed in this form. This
paper identifies some of these latter requirements and de-
scribes a design framework and certain recently developed
tools that promise to deal with them more effectively.

The paper begins in Sec. II with a brief review of the
singular value loop-shaping paradigm. It then discusses
skewed-specification design problems that are not easily han-
dled by this process in Sec. III. Two dubious solutions for
such problems—plant inversion and round controls—are
examined in detail. Finally, a more general design framework
and associated research results that promise to address
skewed problems more effectively are presented in Sec. IV.
Section V provides concluding comments. The paper presents
no new theoretical results and should be viewed as a tutorial
look at the current status of this branch of frequency domain
MIMO design.
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Fig. 1 Generic feedback design problem.

II. Singular Value Loop-Shaping Paradigm
Our generic multivariable feedback design problem is illus-

trated in Fig. 1. The loop consists of a plant and a compensa-
tor in a unity feedback arrangement. The plant can be any
element from a set of plants designated by G. Each system
in G is assumed to be linear, finite-dimensional, time invari-
ant, and can thus be modeled by a rational transfer function
matrix G(s). Similarly, the compensator K is modeled by a
rational K(s). The design problem is to find a K that makes
the feedback loop internally stable for all possible plants G
and causes it to respond well to various external signs.
"Responding well" typically means that the plant's outputs
accurately track external commands r(f), even in the face of
disturbances, d(f) and sensor noise n(t) and that the plant's
inputs and/or other selected signals remain within applicable
limits. (Throughout the paper, x(t) and x(s) will designate
time functions and their Laplace transforms, respectively.)

A. Formal Design Problem
This MIMO design problem can be formalized by specify-

ing precise mathematical statements for the aforementioned
qualitative performance objectives and by specifying the set of
plants G over which those objectives must be achieved. We
will start with some very simple specifications for these ele-
ments of the design problem. More complex situations are
treated later.
Performance Objectives

As formal performance objectives, we will require selected
transfer functions of the closed-loop system to be sufficiently
small in a weighted //^-norm sense. To begin with, the
selected functions will consist only of the sensitivity function,
and our mathematical performance specification will be the
following:

sup o < 1 (3)

Here S(s) denotes the sensitivity function produced by any
plant from a plant set to be defined, w(jco) is the (scalar)
transfer function of a specified stable, minimum phase, invert-
ible system w>/, and crmax[] denotes the largest singular value
of its matrix-valued argument.

Qualitatively, specification (3) expresses a desire to keep
the sensitivity function of the closed-loop system smaller
than the function l/w(jco) for all plants and all frequencies.
This desire can arise from various sources. For example, we
may need to suppress sinusoidal disturbances with known
magnitudes, \\d(jco)\\= D(aj), down to specified residual er-
ror levels, ||Xyco) || < d. Then, because y = Sd in the absence
of other signals, w(jco) would be chosen such that |w(yco)|
— D(co)ld. Alternatively, if we need to track commands,
IkO'^)! — ̂ (w) with tracking errors \\y(jco)—r(jco)\\<6,
then w(jco) would be chosen as |w(yco)| = R(co)/d, and more
generally if disturbances and commands exist simultaneously,
w(jco) would be chosen as |w(yo>)| = [R(co) + D(co)]/d.

Specification (3) can also be motivated more formally for
signals other than sinusoids. For example, if disturbance d(f)
is assumed to be generated by any function from the L2-unit
ball, passed through linear system w/, then Eq. (3) is a
necessary and sufficient condition that the residual error y(f)
again belongs to the L2-unit ball.9 Thus, Eq. (3) makes L2
errors small for sets of L2 disturbances, and analogously for
sets of L2 commands.

Similar formal arguments can also be made for distur-
bances and commands derived from sets of constant power

signals and from stochastic signals whose power spectra must
be reduced to spectra below specified bounds. The implication
is that Tf^-norm specifications such as Eq. (3) provide a
useful way to express a variety of disparate performance
objectives. Since several such objectives typically arise simul-
taneously in specific engineering situations, the actual transfer
functions selected in Eq. (3) and the specified weighting
functions w(jco) will generally represent a composite of re-
quirements with no single formal mathematical origin.
Set of Plants

Given that we are using the size of transfer functions to
describe performance requirements, it is convenient to use the
same concept to describe sets of plants. As a starting point,
consider G to be generated by the unstructured multiplicative
perturbations mentioned in the introduction. That is,

(4)

where G is a nominal plant value, A' is any stable perturba-
tion system whose transfer function satisfies

< 1 (5)

and H>A is a specified stable minimum phase invertible system,
WI, scalar times identity. (The stability assumption on A' can
be relaxed to the condition that G and (/ 4- A')G have the
same number of unstable modes4 or, more generally, that they
are path connected in an appropriate graph topology.10

Throughout the paper, the symbol ( )' will be used to indicate
normalized quantities, e.g., unit-norm systems or signals
whose actual or desired norms are bounded by unity.)

For SISO systems, this characterization of G includes all
systems whose frequency responses, at each frequency co, fall
into a circle with radius \w&(jco)G(jco)\ centered about a
nominal model, G(jco). The magnitude |wA(yco)| is the nor-
malized error magnitude of the nominal model. In engineering
situations, this plant set proves useful for describing those
model uncertainties that remain after systematic parameter
variations (structured errors) are accounted for. Such remain-
ing uncertainties are generally due to unknown and/or neg-
lected dynamics, resonances, time delays, nonlinearities, etc.
They are usually small at low frequencies (|w(y'co)| < 1), but
invariably grow much larger than unity (|w(ya>)|> 1, errors
greater than 100%) as frequency increases.

B. Loop-Shape Specifications
The preceding performance objectives and plant sets imply

that the shapes of certain singular value magnitudes, as
functions of frequency, must be appropriately constrained. In
particular, suppose we are dealing only with the nominal
plant, i.e., G = G. Then, according to Eq. (3), the Bode plot
of crmSiX[S(jco)] must fall below the Bode plot of l/|w(7*co)| over
the entire frequency range. That is,

<
1

\w(jco)\
for all co (6)

Moreover, since S = (I + GK)~l, the loop GK must be
shaped such that

(jmin[l + GK(jco)] > \w(jco)\ for all CD (7)

and that

vmin[GK(jco)] > \w(jco)\ whenever \w(jco)\ > 1 (8)

where <rmin[] denotes the smallest singular value of its argu-
ment.

Equations (6-8) define loop-shape specifications that any
stabilizing compensator K(s) must satisfy in order to achieve
nominal performance. Of course, since G will not always
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equal G, K(s) must also satisfy two other requirements. It
must maintain stability for all elements in the defined set of
plants (this will be called "robust stability") and it must
satisfy the performance objective for all plants (this will be
called "robust performance"). These additional requirements
also impose specifications on loop shapes, as summarized by
the following analysis theorem.
Theorem 1—Robust Stability and Performance for Equations (3-5)

Suppose that the nominal feedback system in Fig. 1 is
stable (i.e.; it is stable with G = G). Then 1) the perturbed
system is stable for all plants defined by Eqs. (4) and (5) if
and only if

< 1 for all CO (9)

where T(s) is the complementary sensitivity function defined
by Eq. (2), and 2) the perturbed system satisfies specification
(3) for all plants defined by Eqs. (4) and (5)

ffmaxiXy^WMI < [ 1 - tfmaxK(>WMl] for all CO

(10)

and it satisfies the objective for all plants only if

ffmax[vKy^)S(MI < [1 - <T^[wA(>»)r(yc»)]] for all co

01)

The first result follows from the fact that the feedback loop
remains stable if and only if the function

det[7 + (/ + w = det[7 + GK] det[/ + WA AT] (12)

remains nonzero along the jco axis (and therefore in the right
half plane) for all A'. The second result can be derived directly
from the following Expression for the sensitivity function
produced by individual plants in the plant set

(13)

This expression for S(s) shows that performance is main-
tained in the face of A(s) whenever the nominal performance
requirement on S{s) is tightened sufficiently to offset any
amplification from the factor [7 + wAAT]~-. Equations (10)
and (11) simply reflect the worst- and best-casfe values this
amplification can take when maximized over A'. Note that
these equations reduce to a single necessary and sufficient
condition for SISO systems and also f6f,,,MIMO systems
wriose complementary sensitivity functions have approxi-
mately equal maximum and minimum singular values, i.e.,
whose condition numbers K[T] satisfy

(14)

Matrices that satisfy the property of Eq. (14) will be called
"spatially round." This term is motivated by interpretations
of matrices as mappings that, in general, transform unit
spheres into ellipsoidal objects. Spatially round matrices map
unit spheres into other spheres, scaled in magnitude but not
altered in shape. Such matrices include scalars times identity
and also scalars times - any product of unitary matrices.

Even without spatially round T(s), however, the sufficient
condition (10) alone is not unduly Conservative. This t is so
because the factor 1 — GmaX[wAT] *n Eq. (10) must be positive
for robust stability and is typically designed to be 0.5 or
greater to provide some design margin. Also, the factor
1 — <7min[wAr] in Eq. (11) is never greater than unity. Hence,
the true robust performance requirement is typically over-
stated by less than a factor of 2.

The significance of theorem 1 is that it defines robust
stability and robust performance solely in terms of acceptable
shapes for the nominal functions crmax[S(jco)]y (rmaK[T(jco)],
and ^maK[GK(jco)]. In particular, from Eq. (9), robust stability
is guaranteed if and only if

1
for all co (15a)

and, because t= GK(I + GK)~l, this is assured if

1 1

whenever |wA(jco)\ > 1 (15b)

Similarly, from Eqs. (10) and (ll), robust performance is
guaranteed if and "almost only if" (to within a factor of 2) a
linear, combination of ffmax[S'] and crmax[T] is small enough,
namely,

for all co (16)

Note that this requirement has the same form as the nominal
performance specification [Eq. (6)] but is tightened up suffi-
ciently to account for the presence of A'O). Thus, to design
for robust performance under the loop-shaping paradigm, we
simply design for nominal performance against a tightened
specification. We must, of course, also design for stability
robustness, using specification (15).

C. Synthesis Methods
In terms of the preceding paradigm, feedback synthesis

amounts to finding compensators K(s) that stabilize the noin-
inal plant and shape the feedback loop's magnitude functions
such that applicable loop-shape, specifications are satisfied.
Several classical textbooks,describe semiformal, but effective,
procedures for accomplishing these loop-shaping goals for
SISO systems (for example, Ref. 11). Various attempts have
been made over the.years td generalize these procedures to
MIMO problems with varying degrees of success (e.g., inverse
Nyquist methods applied to diagonally dominant systems^12

direct-Nyquist and Bode methods applied to characteristic
loci,13 root-locus methods applied to multivariable func-
tions,14 etc.).

It turns out that some of the most effective methods for
shaping MIMO loops use modern optimization-based synthe-
sis tools. For example, H^ methods6"8 have recently been
developed to compute compensators that directly minimize
weighted sensitivity criteria,

J = sup cTmax[w(jco}S(jco)]
CO

or weighted complementary sensitivity criteria,

J = supamSLX[wA(jco)S(jcoj\
CO

or so-called "mixed sensitivity" criteria constructed by aug-
menting S and J,

J = sup crmax[w(jco)S(jco) wA(jco)T(jco)] (17)
CO

Similarly^ modified versions of the LQG problem (i.e., LQG/
LTR) are available to minimize mixed sensitivity criteria in an
H2 sense5:

r = - J
71 Jo

(18)

We note that none of these criteria precisely matches the
robust performance specification of Eq. (16). Certainly, sensi-



G. STEIN AND J. C. DOYLE J. GUIDANCE

tivities or complementary sensitivities alone do not do so, and
even mixed sensitivites do not match the linear combination
of <rmax[S] and ffmaxlT] required by Eq. (16). Nevertheless, the
mixed sensitivity problems have proven quite useful in design
applications.

The various synthesis options will not be discussed further
here. Rather, our objective is to identify design requirements
that do not lend themselves readily to the overall MIMO
loop-shaping paradigm.

III. More Complex Problems
The design problem described previously can be generalized

and made more versatile for design purposes by including
more complex performance requirements and/or plant sets.
Some of these generalizations still fit nicely under the loop-
shaping paradigm. Examples include performance specifica-
tions on T(s) due to sensor noise, bandwidth limits, or control
signal saturations. There are other generalizations, however,
that do not fit as well. This section describes some of them.
A. Problems for which Loop-Shape Specifications Fail

Many engineering design situations give rise to perfor-
mance objectives and/or plant sets that are not spatially
round. Consider the following prototype.

Peformonce Requirements
Let the weighted H^-norm performance objective in Eq.

(3) be generalized to

Eq. (19)]. The second result corresponds to Eq. (9) and is
derived via stability arguments analogous to Eq: (12). The
last result corresponds to Eqs. (10) and (11) and is based on
the following weighted generalization of the sensitivity func-
tion in Eq. (13)

sup e (19)

where We(s) and Wd(s} l are specified transfer function
matrices. We(s) shapes the frequency content and weights
spatial directions of the errors we wish to keep small, and
Wd(s)~l shapes frequency content and weights spatial direc-
tions of external disturbances and/or commands. As before,
both We and Wjl correspond to stable, minimum phase,
invertible dynamic systems. Examples will be given shortly.
Set of Plants

Let the plants G correspond to a generalization of the
unstructured multiplicative perturbations in Eq. (4), namely,

where A' is again any stable perturbation operator with norm
less than or equal to unity, and W~l and Wz are stable,
minimum phase, invertible systems which shape spatial direc-
tions and frequency content of inputs and outputs of the
unit-norm perturbation.

The principal MIMO loop-shape requirements for this new
problem description are given by the following theorem.
Theorem 2—Loop-Shape Specifications for Equations (19) and (20)

1) Nominal performance is satisfied if and only if

°"max [ We(jco)S( jco) Wd (jco) ~ *] < 1 for all co (21)

2) Stability is robust if and only if

a^[W,(j<Q)T(j(D)W0(j(D)-1] < 1 for all co (22)

3) Performance is robust if (not only if)

- for all co (23)

(24)

Equation (24) shows that the tightest singular value bound
that we can place on M(s) for all A'(s) is Gm3iy[WeSWd

l]
K[WvWd

l]/(\-amax[WzTW-1]). This bound leads directly
to condition (23), arid thus Eq. (23) is the least conservative
sufficient condition for robust performance that can be estab-
lished via singular values.

Given the preceding requirements, the loop-shaping design
process presumably proceeds just as in Sec. II. We design for
robust stability using Eq. (22) and for robust performance
using nominal performance specification (21), but tightened
to Eq. (23) to account for uncertainties. Unfortunately, the
last step runs into difficulties. Even though Eq. (23) is the
least conservative singular value bound, it can be arbitrarily
poor for some design situations—requiring much tighter (of-
ten unachievably tight) nominal performance than is actually
necessary to assure robust performance. On the other hand,
we will see as follows that there are also design situations for
which Eq. (23) is not only sufficient but nearly necessary as
well. Because Theorem 2 provides no way to distinguish one
situation from the other, designers are forced to assume the
worst and, therefore, to settle for potentially very conservative
outcomes. This predicament exists whenever the weighted
external signals and/or plant perturbations produce large
condition numbers K[WvWjl], i.e., whenever the problem
specifications are not spatially round. The predicament is
illustrated with a simple example below.
B. Example with Skewed Specifications

As mentioned earlier, problem specifications that are not
spatially round occur frequently and naturally in many engi-
neering situations. As an example, consider the class of basic
feedback design problems illustrated in Fig. 2. We want to
keep output errors small ( sup^ cmax[wS] less than unity) for
all plants in a set generated by unstructured multiplicative
perturbations occurring at the plant input, not at the output
as in Sec. II. This plant set is described by

where A' again satisfies the assumption of Eqs. (4) and (5). A
few manipulations show that the corresponding multiplicative
perturbation at the output is given by the following.

\=G\G~1 ' (26)

which leads to the following weights for Eqs. (19) and (20).

(28)

These results are generalizations of results in Sec. II and
reduce back to Sec. II when the weights are specialized to be
spatially round (e.g., We = wl, Wd = I, Wz = wAI, and
WV=I). In particular, the first result corresponds to Eq. (6)
and, like Eq. (6), is true by definition [e.g., a consequence of Fig. 2 A design problem with skewed specifications.
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Evidently, these specifications are not spatially round
whenever the condition number of G is large. (For simplicity,
assume that G is stable, minimum phase, and without singu-
larities on theyco axis.)

C. Dubious Control Solution for Skewed Problems
The preceding skewed design problem arises because round

performance requirements and round uncertainty require-
ments are levied at different points of the feedback system—
performance required at the plant's output, uncertainties
applied at its input and visa versa. The problem derives its
skewness from the skewness of G(s). It if often tempting to
solve this class of skewed problems with plant-inverting con-
trollers that achieve good (identical) loop shapes at both the
input and output simultaneously. This is a dubious solution,
however, because identical loop shapes typically satisfy only
two of the specifications in theorem 2, not all three.

The two specifications that can be readily satisfied by plant
inversion are nominal performance and robust stability. This
is easy to verify for the example. Consider the following
compensator:

(29)

where A(s) is a scalar loop-transfer function that makes K(s)
proper and stabilizes the closed loop. This compensator pro-
duces diagonal sensitivity and complementary sensitivity func-
tions with identical diagonal elements, namely,

I
( l + X )

(30)

Substituting these expressions into Eqs. (21) and (22) shows
how nominal performance and robust stability can indeed be
achieved for the example. We simply choose A(s) to satisfy

for all CD

(31)

(32)

i

for all CD

Note that choosing K(s) in this way amounts to solving SISO
loop-shaping problems. Solutions exist whenever the weights
w(jco) and wA(jco) are sized to be compatible with the basic
S + T = 7 transfer function constraint.

Next, consider the robust performance specification of Eq.
(23). For the example, this specification is tighter than Eq.
(21) by at least the factor

(33)

and requires |A(yo))| in Eq. (31) to be increased accordingly.
However, at frequencies where |wA(ycy)| exceeds unity, large
increases of |/l(ya>)| will surely violate robust stability, e.g.,
Eq. (32). Hence, for reasonably tight requirements w(jco) and
wA(jco) and large condition numbers K[G(jco)]9 we will be
unable to find plant-inverting compensators to satisfy the
sufficient condition. Moreover, when this situation arises, we
cannot appeal to excessive conservatism of Eq. (23) to save
the design. Such appeals fail because Eq. (23), when restricted
to plant-inverting compensators, is not only sufficient for
robust performance but almost necessary as well. This fact
follows from Eq. (24), which takes a much simpler form for
our example with plant-inverting controls, namely,

where ws and wAt are the scalar-weighted sensitivity and
complementary sensitivity functions achieved by the con-
troller [i.e., as given by Eqs. (30-32)]. Equation (34) shows
that plant perturbations can cause performance deteriorations
from the nominal \ws\ by a factor as large as

(35)

This factor is bounded from above and below by the follow-
ing limits:

K[G]

1+
(36)

The upper limit can be derived directly from singular value
calculations, as a special case of Eq. (23), and the lower limit
is derived later in Sec. IV using the structured singular value.
(The lower limit is valid only for K[G] sufficiently large. It can
also be derived directly from Eq. (35) by finding the smallest
amplification of G(I+ w&A'i)G'~l over input vectors of the
form x = av 1 + ($vm, a2 -f- /?2 = 1, where vl and vm are the right
singular vectors of G"1 corresponding to the largest and
smallest singular values, respectively.) Note that the lower
limit differs from the upper limit only by the scalar \wAt\/
(I + |H>A/|) whose value can be as large as 0.5 for small
stability margins (e.g., \wAt\ « 1). More typical values are 0.33
for |u>Af|«0.5, and really small values do not occur unless WA
itself is very small. Hence, the worst-case performance deteri-
oration anticipated by Eq. (23) is nearly realized by plant-
inverting controls.

D. Another Dubious Control Solution
Plant inversion may be viewed as one extreme of possible

solutions for skewed problems, namely, the extreme that
removes all skewness of G(s) with exactly opposite skewness
in the controller. Another extreme of possible solutions would
be to remove none of the skewness of G(s) by constraining the
compensator to satisfy K[K(s)] « 1 at all s. This spatially round
control option is also a dubious solution because it is rarely
able to satisfy the nominal performance specification of Eq.
(21) and the stability robustness specification of Eq. (22)
simultaneously. However, round controllers do have the sig-
nificant advantage that, in the event Eqs. (21) and (22) can be
satisfied, the robust performance specification (23) no longer
needs to be considered because it is known to be excessively
conservative for this design situation.

The conservatism of Eq. (23) for round controllers is again
easy to establish for our example. Starting with Eqs. (24) and
(28), M(s) reduces to the simpler form

(37)

It can therefore be bounded by

M(s) = wsG[I + A ' WA t] ~1G - (34)

(38)

Here the second to last step uses the facts that crmax[T] =
amax[KTK-1] for spatially round A: and that KTK~l =
G~1TG. The last step merely resubstitutes Eq. (28).

Note that the relation KTK~l = G'1TG makes Eq. (38)
valid whenever either K or G is spatially round. In either case,
therefore, crmax[Mj can be kept below unity by a more reason-
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Fig. 3 General problem description.

Fig. 5 Closed loop Af-system.

Fig. 4 P -system for example in Sec. III.

able sufficient condition not involving the condition number
ofG:

E. Implications
The preceding discussions illustrate that theorem 2, with

Eq. (23), provides only a limited tool for MIMO feedback
design. For some controllers, Eq. (23) is necessary but
difficult to satisfy. For other controllers, it is unnecessary, but
other conditions [Eqs. (21) and (22)] are difficult to satisfy.
The theorem provides no direct way to distinguish these cases
or to identify a middle ground between them wjiere effective
control solutions might be found.

Overall, this implies that singular value loop shaping is
inadequate as a paradigm for general MIMO feedback design
and that we must seek more powerful alternatives. One suph
alternative, currently in the research stage, is described in the
next section.

IV. Alternate MIMO Design Framework
The limitations previously described can be overcome in

part with an alternate design framework that has been devel-
oped over the last few years.15'16 This alternate framework
consists of a more general problem description, a more suit-
able measure of magnitude for matrix transfer functions, and
certain key analysis and synthesis results. These various ele-
ments are described briefly in this section.
A. Problem Description

The generalized problem is illustrated in Fig. 3. It consists
of a general system P with three pairs of input/output 'vari-
ables, The first pair consists of measured outputs y(f) and
control inputs u(i). The second pair consists of performance
variables e'(t) and external input signals d'(f)\ and the third
pair consists of output signals z\t), and inputs v'(t), through
which unit-norm perturbations A' are connected back into the
system. (As before, primed quantities are normalized to unit
size.) The design problem is to find a compensator K which
stabilizes Pt and keeps the transfer matrix between .d' and e'
apprppriately small for all stable A'.

This problem description is very general because the inter-
nal structure of P can be chosen to represent many different
problem specifications. One example of internal structure is
shown in Fig. 4, which corresponds to the class of skewed
design problems described in Sec. III.A. We note that P
includes' tjie usual input-output description of the plant <7 and
also the weighting functions We and Wj1, which shape
performance variables and external signals, as well as W'z and
W^1 -> which shape the plant perturbation. The types of
external signals [whether r(t), d(t\ n(f) and/or others] are also
defined by the internal structure, as are the locations of
perturbations (whether at outputs, inputs, and/or elsewhere).

•~H

A 0

LO A0J

M(P,K)

Fig. 6 Stability condition for robust performance.

Various examples of internal structures of P for other prob-
lem specifications can be found in other references.15'16

B. Analysis Results
Beyond its generality, Fig. 3 is important because it comes

equipped with a nonconservative neqgssary and sufficient con-
dition for robust performance. In order to describe this new
condition, we first close the compensator feedback loop in
Fig. 3 to get the closed-loop system in Fig. 5. The system
M(P,K) in this figure has a 2 x 2 block-structured transfer
matrix M(s), whose blocks are defined' in terms of the original
3 x 3 partition of P(s) as follows:

Mtj(s) = P.9(s) + P0(5)[7 - K(s)P33(s)] -l ij = 1,2

(39)

Suppose that this system is stable. Then the following results
apply.
Theorem 316

1) Nominal performance is satisfied if and only if

*max[M22(ya>)] <1 for all co (40)

2) Stability is robust if and only if

<r™x[Mn(jco)]<\ for all co (41)

3) Performance is robust if and only if

t*[M(jco)] < 1 for all co (42)

where ^u[] is a function to be defined shortly.
The first of these results is a generalization of Eq. (21). It is

again true by definition — performance is satisfied for
A'(s) = 0 if sup^ Gmax[M22(ja>)] is less than or equal to unity.
Note that M22(s) can consist of any transfer matrix we may
wish to keep small, not just sensitivity S(s) as in Eq. (21). It
also includes any desired weighting matrices. These features
of the new design framework are important because they
provide flexibility to handle many engineering situations
where performance is not expressed in terms of sensitivity
alonel

The second result is a generalization of Eq. (22). It follows
from stability conditions with the A' loop closed — namely,
that det[7 — &'(s)Mn(s)] must remain nonzero on the jco axis
for all A'(s). Again, Mn(s) can consist of any transfer matrix,
not just T(s) as in Eq. (22) and it also includes any desired
weights. These features provide the important engineering
flexibility to represent uncertainties at their known locations
in a plant, rather than forcing them to be reflected entirely to
the plant's input or output.
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The third result is the most significant one. It is a general-
ization of Eq. (23) that provides necessary and sufficient
conditions for robust performance, not just sufficient condi-
tions. It can be established by starting with the definition that
performance is robust if and only if the e'jd' transfer matrix
with the A' loop closed remains H^ norm bounded by
unity—that is, if and only if

(43)for all a> and all A'

Notice that this last norm bound is also a necessary and
sufficient condition for system M in Fig. 6 to continue to
remain stable even if we choose to connect a second norm-
bounded perturbation, say AO(S), across the e' and d' termi-
nals [to see this, compare the form of Eq. (43) with our other
stability conditions, Eqs. (9), (22), and (41)]. Robust perfor-
mance, therefore, is exactly equivalent to robust stability in
the face of two perturbations, A' and AJ, connected around
system M in the block-diagonal structured arrangement
shown in Fig. 6. The latter stability is assured, of course, if
and only if the function det[7 — diag(A',Ao)M(ya>)] remains
nonzero for all co.

These observations bring us to the function fj[ ] in Eq. (42).
This function was defined specifically to test the kind of
determinant conditions already identified. Its full definition
for complex matrices is the following17:

|det[7 - eXM] = 0
s|for some X =

|with Gmax[&t] ^ 1 for all / (44)

In words, ^ is the reciprocal of the smallest value of scalar s
that makes the matrix I — sXM singular for some X in a
block-diagonal perturbation set. If no such e exists, \i is taken
to be zero. Notice that this definition reduces to the conven-
tional singular value in the absence of structure (i.e., when the
number of blocks, m, in Xis one). For this reason, \i has been
called the structured singular value. Note also that the value
of ju depends on the number of blocks in the structure as well
as on the block dimensions. Technically, therefore, \i argu-
ments should include not only matrix M but also a multi-
index describing the structure. By convention and for sake of
notational simplicity, this latter dependence is suppressed.

It is clear from Eq. (44) that \i can be applied to the transfer
matrices of Fig. 6 to test whether det[7 — diag(A',Ao)M] re-
mains nonzero along the jco axis. In fact, the determinant
remains nonzero if and only if fi[M] < 1 on the axis. This is a
tight condition for robust stability with respect to the two
perturbation blocks, and equivalently, a tight condition for
robust performance [Eq. (42)]. More rigorous details of this
argument are given in Ref. 17.

It is also important to note that Eq. (44) is not limited to
2 x 2 block structures. It can be used to test stability with
respect to any number of diagonal blocks. This permits us to
establish robust stability with respect to plant sets character-
ized by several unstructured perturbations and simultaneously
to establish robust performance. Equation (44) also extends
readily to real-valued perturbations and so reduces many
parametric system analysis problems to \i calculations. More
generally still, the structured singular value concept also
extends to time varying and nonlinear systems.18 The calcula-
tions required for these extended cases, however, continue to
impose substantial challenges.
C. Numerics for the Structured Singular Value

Like singular values, \JL is useful for practical numerical
analyses as well as for theoretical ones. First-generation com-
puter algorithms have been developed to evaluate the function
for fixed complex matrices with complex perturbations. When

used repeatedly, these algorithms can generate plots of
H[M(JG))] across frequency and thus provide practical Bode-
like analysis tests for robust stability/performance of any
given candidate feedback design.

To date, \JL algorithms are based on the following inequali-
ties, proven in Ref. 17:

sup\l[UM]\ < AM} < inf a (45)

where |A[M]| denotes the largest eigenvalue magnitude (spec-
tral radius) of M and where

Ut unitary

D =diag[J1/1,J272v..^w7w] dt real-valued scalar

with block dimensions of Ui and It matching those of X in Eq.
(44). While these inequalities look formidable at first glance,
they can be readily established by combining the following
three facts.

1) ]n[UM] =n[DMD~l] =ju[M] for all block structured U
and D defined previously. This follows directly from Eq. (44).

2) n[M] < <7max[Af]. This follows by interpreting Eq. (44)
as a definition of <rmax, i.e., when X has one block and is
therefore least constrained.

3) |A[M]| < fi[M]. This also follows from Eq. (44) by inter-
preting it as a definition of |/l| when X has m repeated scalar
blocks and is therefore most constrained.

Reference 17 shows that the left-hand side of Eq. (45) is
actually an equality and thus provides a potential way to
compute ju. Unfortunately, the implied maximization over
block-structured unitary matrices U can have many local
maxima. The right-hand side of Eq. (45) is also an equality, at
least for structures with three or fewer blocks. Its implied
minimization over block-structured matrices D has convexity
properties, which imply that all local minima are global.
Thus, local search methods can provide numerically tractable
approaches to finding the infimum.

For block structures with four or more blocks, experience
has shown that the upper bound in Eq. (45) still provides an
accurate estimate for \JL. Indeed, despite extensive search, no
example has been found where the upper bound exceeds \i by
more than about 15%. Although this evidence is suggestive,
no guarantee on the quality of the upper bound has been
proven. For more complicated block structures involving
repeated, possibly real, perturbations, the upper bound in Eq.
(45) can be much poorer. Fortunately, alternative upper
bounds and other algorithms are under development and
appear to be very promising.19"22

D. Some Analytical Applications of /i
As a way to illustrate the alternate design framework and

the utility of structured singular values, we revisit the example
from Sec. III. Our objectives will be to verify some of the
conclusions from Sees. II and III and, more important, to
establish the lower bound on performance deterioration of
plant-inverting controls [Eq. (36)]. As noted earlier, the gen-
eral system description P for the example is given in Fig. 4.
After closing the K(s) -feedback loop in the figure, the matrix
M(s) for this description is the following:

W TW~l WWZ1WV wz

WeSW~l We

^

(46)

Then, by Eq. (44), the structured singular value is the recipro-
cal of the smallest e, which will make the following determi-
nant vanish for some A' and some A'0:

det[/-8diag(A',AJ)Af]

(47)



12 G. STEIN AND J. C. DOYLE J. GUIDANCE

Round Weights
If all the weights Wx in Eq. (47) are scalars times identity

as in Sec. II, then the determinant in Eq. (47) becomes
det[7 —eOvAAT + wAoS)], and the smallest & that can make
it vanish is bounded by

Its reciprocal \i is thus bounded by

(48)

Moreover, since ju[M] must be less than unity for robust
performance, the condition

is sufficient for robust performance, as was shown previously
in Sec. II, Eq. (12).

Round Controllers / Round Plants
On the other hand, if the weights are skewed as described in

the example of Sec. Ill [Eqs. (27) and (28)], then the applica-
ble determinant becomes

det[7 - e di = det[7 -
(49a)

(49b)

where Eq. (49b) is obtained from Eq. (49a) by factoring out
S and S~1 on the right and left, respectively. These expres-
sions imply that Eq. (48) still holds whenever either K(s) or
G(s) is spatially round, and consequently, that Eq. (38) in Sec.
Ill is sufficient for robust performance in these cases.
Plant -Inverting Controllers

Next, consider what happens when the plant-inversion ap-
proach is used to "solve" the example problem. The matrix
M(s) in Eq. (46) then becomes

M(s) = sG wsl '] (50)

Using the upper bound from Eq. (45) (an equality because
there are only two blocks), its structured singular value is
given by

• ,==mf<7 \ ~ w*tf
x \_wsdG wsl

WSI

1
1

= inf max«
d i

= inf max |id t [_

f wAf
\wsdGi ws

iwAfi2~i i
7 -̂77idail J

(51a)

(51b)

(51c)

In Eq. (5 la), the scaling variables d1 and d2 from Eq. (45) are
selected as dl = 1 and d2 = (wA/w)d for algebraic convenience.
The matrix 2 = diag(0y <rm) is obtained by substituting the
singular value decomposition (7SF* for G and factoring out
its right and left unitary matrices. Equation (51b) is obtained
by elementary row/column permutations to isolate two-
dimensional blocks, and Eq. (51c) is an explicit singular value
calculation based on the fact that each such block is an outer
product of two vectors. An examination of Eq. (51c) shows

the scaling variable d must be chosen to reduce the term
Iww/fffp + |wAf/dcrf|2 for the largest singular value of G while
at the same time not excessively increasing the same term for
the smallest singular value (or visa versa). Indeed, the best
choice of d is

(52)

which makes the two terms equal, and when substituted back
into Eq. (51c), gives the following explicit expression for the
/z values achieved by plant inversion:

(53)

Finally, bounding this \i value by unity gives the following
necessary and sufficient condition for robust performance
whenever fc[G] is large:

\ws\ <
|wA/|K:[G] K[G]

(54)

This condition confirms the lower bound in Eq. (36).
Beyond confirming Eq. (36), Eq. (53) shows that \JL values

achieved by inversion of highly skewed plants are propor-
tional to the square root of the plant's condition number,
with proportionality constant equal to the geometric mean of
the nominal performance and robust stability test values, i.e.,

(55)

This should be contrasted with Eq. (48), which shows that \i
is bounded by the sum of these test values whenever weights,
controllers, or plants are spatially round.

For plant inverting controllers, therefore, robust perfor-
mance requires that one of the nominal test values, \ws\ or
\wAt\, be very small (proportional to 1/K[G]) whenever the
other one takes on typical SISO design values (e.g.,« 0.5).
Equations (54) and (23) result when the small one is chosen
to be |ws|.-As an alternative, we could attempt to make both
test values small and equal. They would then need to be
proportional only to l/-v/jc[G]. Unfortunately, the relation
S(s) + T(s) = 7 precludes this alternative unless the weights w
and WA themselves are very small.
E. Numerical Example

The preceding analyses confirm our basic conclusions from
Sec. Ill that both round controls and plant inversion are
dubious solutions for highly skewed design problems. The one
is dubious because nominal performance and robust stability
test values often cannot both be made small enough, and the
other is dubious because the multiplier jc[G], or even >/Jc[G],
relating ^ to these test values is simply too large. Fortunately,
there are other control alternatives that do better. The exis-
tence of these alternatives as well as the dubious properties of
round controls and plant inversion are next illustrated with a
simple numerical example.

Consider the following plant with condition number
ic ='625:

G(s) =

"25
s

0

0

0.04
(56)

Let the performance specification be round levied at the
output, and let the plant uncertainty specification be round
levied at the input (and thus skewed at the output as in the
example of Sec. Ill) with the following weights:

0.2(5 200(5 (57)
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|WA |

1.0
log frequency

Fig. 7 Weights for example in Sec. III.

a[W zTW v]

JI[M]

Specially Round Control

a[weswd]

'11 i.o

1

0.1

,a [Wes wd
1]

Plant-Inverting

^-|1[M]

.a [WZT wv
1]

Control '.

1.0
log frequency

Fig. 8 Performance of dubious controls.

Bode plots of these weights are shown in Fig. 7. They call for
,the feedback system's sensitivity function to be less than 5co
for 0.001 < co < 1 rad/s and to be no greater than 5.0 for
higher frequencies. The plant set for which this must be
achieved consists of the nominal plant with unstructured
multiplicative input perturbations whose magnitude is 0.2
(20%) below 1 rad/s but rises to 100% at 5 rad/s and contin-
ues to increase steadily beyond that frequency. (These specifi-
cations are mirror images, reflected about 1 rad/s for
symmetry. They should be treated only as illustrations, not
serious specifications. Sensitivities as high as 5.0 are rarely
tolerable in practice, and model errors of 20% are not always
possible, even at low frequencies.) The general problem de-
scription again corresponds to Fig. 4 with Eqs. (56) and (57)
replacing the generic symbols in the figure.

Our two dubious control alternatives for this design prob-
lem are evaluated in Fig. 8. Figure 8a corresponds to a round
controller, and Fig. 8b corresponds to a plant inverter, i.e.,

ro.04
1 o

0"
25

(58)

test, omay[WeSWjl], for the robust stability test
ffmax[WzTW~l], and for the fi[M] function achieved by the
controller.

As predicted by Eq. (53), the plant inverter's \JL values
exceed specifications, even though its nominal performance
and robust stability test values are adequate. The ^/K\G\ = 25
amplification factor is simply too high. Note that the nominal
test values and \i values are identical across frequency as a
result of our (convenient) choice of weight, plant, and con-
troller parameters.

The round controller, on the other hand, fails to meet even
the nominal specifications. Nominal performance is violated
at low frequencies and robust stability is violated at high
frequencies. Note, however, that the \i values are not am-
plified nearly as much over the nominal test values because
the sum bound in Eq. (48) applies.

It is important to recognize that \i values greater than unity,
such as those exhibited by these controllers, have doubly
severe negative effects. For instance, the n = 5 values of the
round controller at low frequencies not only mean that per-
formance will be five times worse than specified at those
frequencies. They also mean that this will happen for plant
perturbations that are five times smaller than the perturba-
tions specified at those frequencies. [This follows from Eq.
(44) and the fact (not proven here) that the determinant
vanishes for points on the boundary of each of the blocks in
the perturbation structure X.] For the case at hand, this means
that sensitivities will be as large as 25co for plant errors
no larger than 0.04 (4%)—well short of the 5o> at 20%
specification.

Next, consider the following family of alternate controllers
for the design example:

25-*
0

0
25" (59)

Heuristically, this family performs various degrees of partial
plant inversion uniformly across frequency. It interpolates
between one extreme, the round controller at rj = 0, to the
other extreme, the full plant inverter at r\ = 1. The family's
performance is summarized in Fig. 9a, which shows the worst
case \i values (i.e., sup^ n[M(jco)]) achieved for various values
of parameter r\. Note that every value 0 < rj < I performs
better than the two extremes and that there is a well-defined
optimum near 77 = 0.4 that is more than twice as good (four
times as good, counting doubly severe effects) than the ex-
tremes. Bode plots of AM], (ym^[^eSW^l and
°mx[WzTW~l] for this optimum value are shown in Fig. 9b.
F. Mu Synthesis

Figure 9 illustrates that controllers exist for highly skewed
design problems that are superior to both round controls and
to plant inversion. Of course, Kn at r\ = 0.4 still falls well short
of specification. We are left to wonder whether other alterna-
tives exist that do even better and, more fundamentally,
whether there is an ultimate best robust performance level
and what controllers achieve that level.

These questions motivate a need for more formal design
procedures to solve highly skewed problems. We call such
procedures "mu synthesis"—meaning formal theories and
associated numerical tools to find compensators K, which
stabilize system P in Fig. 3 and that minimize the resulting
worst-case value of ii[M(P,K)(jco)] in Fig. 5. While complete
solutions of this design problem are not yet available, a
so-called D-K iteration scheme has been invented that yields
useful answers.16 D-K iterations are based on the upper
bound in Eq. (45) that equates /* optimization to the follow-
ing two-parameter minimization problem

Each figure shows Bode plots for the nominal performance

inf sup n[M(P,K)(jd)}
K co

= inf sup inf crmax[D
K co D(co)

(60)
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Robust Performance Level .vs. eta

0.0 0.2 0.4 0.6 0.8
eta

Performance at eta = 0.4

1.0
log frequency

where D(co) is a block-diagonal scaling matrix applied point-
wise across frequency to the frequency response matrix

D-K iterations proceed by performing this two-parameter
minimization in sequential fashion — first minimizing over K
with D(co) fixed, then minimizing pointwise over D(co) with K
fixed, then again over K, and again over jD(co), and so forth.
Details of this process are summarized in the following steps:

1) Fix an initial estimate of the scaling matrix D(co) point-
wise across frequency. When applied to the 2 x 2 block
structure of M in Fig. 5, this matrix has the form
diaglW^co)/!, d2(a>)/2]. Alternatively, the scaling matrix can be
applied to the 3 x 3 block structure of P in Fig. 3, in which
case it has the form diag[ dl (co)^ , d2(co)I2, 73]. In either form,
the first scale factor d± can be set equal to unity, leaving only
a single scalar function of frequency to be selected.

2) Find a state-space realization for D(co), and construct a
state-space model for system DPD~\ Again for the structure
in Fig. 3, this step calls for a state-space realization of a SISO
system </, whose frequency response magnitude matches d(co).
This realization must then be incorporated into an overall
state-space model for the scaled system:

DPD~1 =
/! 0 0'
0 dl2 0

.0 0 73.

/! 0 0"
0 d~l!2 0
0 0 73

Fig. 9 Performance of partial-plant-inverting controls.

3) Solve an H^-optimization problem to minimize
sup^ <raaa[M(DPD~l

9K)(ja)j\ over all stabilizing K. Note that
this optimization problem uses the scaled version of P. Let its
minimizing controller be denoted by K*.
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Fig. 10 /)-#-iteration convergence to "global minimum."
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4) Minimize (Tmax[D(co)M(P9K*)(jco)D(co)-1] over D(co)9
pointwise across frequency. Note that this evaluation uses the
minimizing K* from step 3, but P is unsealed. The minimiza-
tion itself produces a new scaling function. Let this new
function be denoted by P*(co).

5) Compare D*(a>) with the previous estimate D(co). Stop
if they are close. Else replace D(co) with D*(ca) and return to
step 2.

These iterations are practical because the H^ -optimization
problem in step 2 has a numerically tractable solution discovr
ered only recently.8 This H^ solution is itself a significant step
forward in MIMO design. It encompasses the various special
HOC problems mentioned in Sec. II as special cases and
provides state-space-based computational algorithms, whose
complexity is comparable to LQG algorithms. Hence, they
can handle design problems of significant engineering size.
Detailed descriptions of the algorithms are left to Ref. 23.

Although D-K iterations are practical, they are incomplete
solutions of mu-synthesis problems for two reasons. First, the
iterations require a frequency response approximation process
in step 2. With the current state of the art, this process relies
more on engineering skill than on formal mathematics. Sec-
ond, while the iterations are monqtonically decreasing [with
perfect state-space realizations of D(o>)],. they converge to
local minima of Eq. (60), not necessarily to global minima.

Both the practicality of D-K iterations and their limitations
are illustrated in Figs. 10 and 11. These figures show two D-K
iteration trials applied to our example problem in Sec. IV.E.
Figure 10 shows a sequence of iterations that, we believe,
converge to a point very close to the global minimum of the
example, while Fig. 11 shows a sequence that clearly con-
verges to a local minimum. The alleged global minimum
corresponds to sup^ ^[M(jco)] •« 0.935. This value barely
meets the original design specifications. However, it is five

-H i.o
'c
O)

0:1 i.o " 10
log frequency

Fig. 12 Frequency response of A'*.

times better (25 times better, counting double severe effects)
than either round control or plant-inversion solutions, thus
making D-K iterations well worth the eifort,

Frequency responses of the alleged globally minimizing
controller K* are shown in Fig. 12. Simple interpretations
explaining why this controller produces good results remain
to be discovered and are left, as a challenge for serious
readers! We also encourage explorations of other controllers
so as to refute or verify our claim that K*-is close to /*
optimal.

V. Conclusion
In this paper, we have taken a tutorial look at singular

value loop shaping as a paradigm for rnultivariable feedback
design, and have attempted tp motivate, the need tp go beyond
this g^radigm in general design situations.
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Our principal conclusions are that singular value loop
shaping is effective for design problems with spatially round
specifications but that it can be excessively conservative (often
impossibly conservative) when the spepifications are highly
skewed. Unfortunately, skewed problems arise frequently and
naturally in MIMO design situations. A simple example with
performance requirements levied at the output and uncertain-
ties occurring at the input of a poorly conditioned plant was
used to illustrate this point. Neither plant inversion nor round
controls are able to satisfy robust performance specifications
for this example.

An alternate design paradigm, which promises to handle
skewed problems more effectively, was discussed. This
paradigm involves a very general and flexible design setup,
coupled with tight necessary and sufficient conditions for
robust performance. The latter are provided by a new matrix
function, the structured singular value mu. This function is
already being widely used to analyze and compare perfor-
mance properties of existing controllers. Progress is also being
made on formal mu-synthesis methods that find new con-
trollers to minimize the structured singular value directly.
Although incomplete at this time, one such method is D-K
iteration. This method was applied to pur example to yield
substantial robust performance improvements over other con-
trol options.

Much research remains to be done to make mu synthesis as
routine as, say, H2 synthesis with LQG algorithms or H^
synthesis with the newly discovered LQG-like algorithms.
This research work is underway.
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